
GPS Pseudorange and Cramer Rao Lower Bound
Assisted Cooperative Vehicular Localization

Daiqin Yang
School of Remote Sensing and Information Engineering

Wuhan University, China

Email: dqyang@whu.edu.cn

Abstract—Accurate vehicular localization is important for
various cooperative vehicle safety (CVS) applications such as
collision avoidance, turning assistant, etc. In this paper, the
Cramer Rao Lower Bound (CRLB) of a weighted least squares
and double difference based distance detection algorithm is
derived and a Cramer Rao lower bound based satellite selection
method is proposed to increase the accuracy of the algorithm. As
demonstrated in the experiment results, by selecting the group of
satellites with the least Cramer Rao lower bound of the power
function (d̂)k of the detected distance d̂, the accuracy of the
distance detection could have a more than 40% improvement,
and the average distance error can be decreased to be as low as
two meters.

I. INTRODUCTION

Accurate positioning is important for cooperative road

safety applications, including collision avoidance, turning as-

sistant, etc. As vehicles move along the road, their trajectories

conform to the multi-lane structure of the road. This lane level

relationship is important for various cooperative road applica-

tions. Given the about three meters lane width, the positioning

error should be within three meters for lane level topology

recovery. However, with navigation level GPS devices, which

are widely used in ground vehicles, the positioning accuracy

is usually at the level of tens of meters, which can merely

fulfill the navigation tasks with the help of map matching and

inertial sensor techniques. It is difficult to use these commer-

cial level GPS devices to recover the lane level relationship

among neighbor vehicles, which is important for road safety

applications.

Current vehicular localization technologies include absolute

positioning and relative distance detection. The techniques

used to recover the absolute positions of moving vehicles are

mostly based on trilateration of measured distances to known

anchors, for example the cellular assisted localization [1] and

the Global Positioning System (GPS) [2], between which the

latter one is more accurate and popular. Various augmentation

techniques have been proposed to increase the accuracy of

GPS, including the Wide Area Augmentation System (WAAS),

the European Geostationary Navigation Overlay Service (EG-

NOS) and Differential GPS [3]. However, all these augmen-

tation systems require large scale infrastructures and some of

them are not globally available. A fingerprint approach [4]

is also popular in recovering positions of mobile objects and

the accuracy level of these technologies depend largely on the

granularity of the training data set. In some applications such

as autonomous driving and collision avoidance, the relative

positions of a vehicle with respect to its neighbors are more

important than its absolute position. Various techniques have

been developed to measure the distance between moving vehi-

cles, for example the Received Signal Strength (RSS) [5][6],

Time of Arrival (ToA) or Time Difference of Arrival (TDoA)

[7] based distance detection. However, these methods either

require sophisticated devices or impose idealized assumptions.

In [8], a new method was proposed to make use of GPS and the

emerging Dedicated Short Range Communications (DSRC)

technology to share raw pseudorange measurements among

neighboring vehicles and use the classical Double Difference

(DD) method of GPS positioning to detect distances. With

commercial level GPS devices, it can achieve about five meters

[9] average distance error. In [9], a weighted least squares

method was proposed to increase the accuracy of [8]. By

taking into account the noise level of individual pseudorange

measurements, the average distance errors are decreased to

around three meters.

In this paper, the Cramer Rao lower bound of the weighted

least squares algorithm in [9] is derived. Based on the derived

Cramer Rao lower bound, a satellite selection method is pro-

posed to further increase the accuracy of the detected distance.

As demonstrated by the experiment results, by selecting the

group of satellites with the least Cramer-Rao lower bound

of the power function (d̂)k of the detected distance d̂, the

accuracy of the distance detection could have a more than

40% improvement, and the average distance error can be

decreased to be as low as two meters. The remaining part of

this paper is organized as follows. In Section II, the weighted

least squares algorithm of [9] is introduced. In Section III, the

Cramer Rao lower bound of the detected distance is derived

and a satellite selection method is proposed and discussed.

Experimental results demonstrating the performances of the

satellite selection method are presented in Section IV, and the

paper is concluded in Section V.

II. PSEUDORANGE BASED COOPERATIVE DISTANCE

DETECTION WITH WEIGHTED LEAST SQUARES METHOD

In this section, the Double Difference pseudorange solution

for distance detection [8] is introduced first, and after that, the

weighted least square algorithm [9] that could mitigate the

impact of measurement noises is depicted.

2013 International Conference on Connected Vehicles and Expo (ICCVE)

978-1-4799-2491-2/13/$31.00 ©2013 IEEE DOI 10.1109/ICCVE.2013.108252



A. Pseudorange Based Distance Detection

GPS receivers recover their positions by trilateration of

their measured distances to multiple visible satellites. The

distance to each satellite is derived from an estimated time

of transmission, and this distance is called the pseudorange.

Several sources contribute to the errors in the pseudorange

measurements. The pseudorange measurement between GPS

receiver a to satellite i can be decomposed into [2]:

PRi
a = Ri

a + ta + xi + εia

where Ri
a is the true distance between satellite i and receiver

a; ta is the bias caused by receiver a’s clock bias; xi is

the common noise related to satellite i that are shared by

all the GPS receivers within a vicinity region, including the

satellite clock bias, the atmospheric delay, and the error in

the broadcasted ephemeris; and εia is the non-common noise

specific to receiver a and satellite i, including the multipath

error and the acquisition noise. By taking double difference of

the pseudoranges among two GPS receivers a and b, and two

shared satellites i and j, the common noise due to satellites,

and the clock bias of individual receivers can be effectively

removed:

Dij
ab = (PRi

a − PRi
b)− (PRj

a − PRj
b)

= [ΔRi
ab −ΔRj

ab] + [(εia − εib)− (εja − εjb)]

= [ei − ej ]T · rab + [(εia − εib)− (εja − εjb)] (1)

where Dij
ab is the double difference of pseudorange measure-

ments, ΔRi
ab is the difference between the true ranges from

receiver a and b to satellite i, ei is the unit vector pointing

from GPS receiver a (or b) to satellite i, and rab is the distance

vector between receiver a and b.
Given known position of either one of the GPS receiver,

the unit vector of each ei can be calculated using the

received ephemeris of each target satellite i. Let Dab =
[D1,0

ab D2,0
ab · · · Dn−1,0

ab ]T denote the column vector of pseu-

dorange double differences, and there are totally n satellites

shared by receiver a and b. Eq. 1 can be reorganized into:

Dab = Hrab + ε (2)

where H = [(e1 − e0) (e2 − e0) · · · (en−1 − e0)]T , and ε is

the column vector of aggregated non-common noises related

to the two satellites and two receivers involved. If ε can be

assumed to be zero mean and equal variance, the Best Linear

Unbiased Estimation (BLUE) of rab is given by

r̂ab = (HTH)−1HTDab

as long as there are at least four shared satellites between the

two GPS receivers.

Comparing with the around twenty thousand kilometers

distances from satellites to vehicular GPS receivers, tens of

meters positioning error to the GPS receiver a or b can be

fairly ignored when calculating the unit vectors of ei. Thus,

ei can be calculated by directly using the final output of the

GPS fix of either one of the two GPS receiver modules [8].

Fig. 1. Pseudorange double difference

B. Weighted Least Squares Approach

In Eq. 2, ε is the aggregated non-common noises of pseudo-

range measurements including both the multipath and random

code acquisition errors encountered by the two GPS receivers.

It’s ith item can be expressed as εi = (εia − εib) − (ε0a − ε0b),
among which, the non-common noise of individual pseu-

dorange measurement εia is directly related to the Carrier

to Noise Ratio (CNR) of the received satellite signal. For

commercial and navigation level GPS devices, the accuracy

of code acquisition is much worse than survey level devices.

It can introduce more than tens of meters of errors to the

pseudorange measurements and thus severely degrade the

accuracy of double difference based distance detections.

As discussed in [9], by simply discarding those pseudorange

measurements with worse CNR values, the number of valid

detections may be dramatically decreased due to insufficient

number (less than four) of pseudorange input. To address this

problem, a CNR based weighted least squares method is used

to take into account the different accuracy level of different

pseudorange measurements in estimating the distance. With

non-equal variances of each εi, the best linear unbiased

estimator of rab is given by

r̂ab = (HTWH)−1HTWDab (3)

where the weight matrix W is the inverse of the covariance

matrix of ε.

In applying the weighted least squares method in pseudor-

ange based distance detection, the satellite with the best CNRs

to both of the two GPS receivers is selected as the reference

satellite, which is indexed as satellite 0, such that (ε0a − ε0b)
could be fairly ignored from εi. To eliminate the impact of

unacceptable noises from the reference satellite, it is enforced

that the each valid distance detection should have a reference

satellite with better than CNRref carrier to noise ratio to both

of the two GPS receivers, and thus εi can then be approximated

as εi ≈ (εia − εib). Let φi
a denote the Carrier to Noise Ratio

of the received signal from satellite i to GPS receiver a. We
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assume that the variance (σi
a)

2 of εia is reversely proportional

to the value of φi
a, i.e. (σi

a)
2 ∝ 1/φi

a. As εia and εib are

independent from each other, the variance (σi)2 of each εi

can be derived as:

(σi)
2 = (σi

a)
2 + (σi

b)
2

∝ 1/φi
a + 1/φi

b =
φi
a + φi

b

φi
a · φi

b

and the weight matrix W can then be finalized as

W = diag(
1

(σ1)2
, · · · , 1

(σn−1)2
)

= diag

(
φ1
a · φ1

b

φ1
a + φ1

b

, · · · , φn−1
a · φn−1

b

φn−1
a + φn−1

b

)

where diag(·) denotes a diagonal matrix and σi is the standard

deviation of εi. It should be noted that, as 1/φi
a +1/φi

b is not

the real value of (σi)
2, the matrix W here only represent

the proportional relationship among noises. However, this will

not affect the final outcome of the estimated distance vector

calculated with Eq. 3.

In selecting other candidate satellites, a threshold of

CNRmin is used to prevent pseudorange measurements with

too much noises from being used in the double difference

calculation. Only those satellites with higher than CNRmin

carrier to noise ratios can be selected as candidates for

consequent processing.

III. CRAMER RAO LOWER BOUND OF THE DETECTED

DISTANCE AND SATELLITE SELECTION MECHANISMS

In the previous section, the weighted least squares algo-

rithm for pseudorange and double difference based distance

detection is introduced. In this section, the Cramer Rao lower

bounds for this algorithm is derived and a corresponding

satellite selection method is proposed to further increase the

accuracy of the detected distances.

A. Cramer-Rao Lower Bound of the Estimated Distance

If the noises of pseudorange measurements conform to zero

mean normal distributions, Eq. 3 is the best linear unbiased

estimation of the distance vector rab, and the Cramer-Rao

lower bound of estimated r̂ab is given by

CRLB(r̂ab) = I−1(rab) = (HTWH)−1

where I(rab) is the Fisher Information Matrix(FIM). With best

estimation, the covariance matrix of the estimated distance

vector r̂ab is bounded by the Cramer-Rao lower bound. And

as the estimation is unbiased, the mean square error of the

estimator is defined by the covariance of the estimation:

mse(r̂ab) = var(r̂ab) = CRLB(r̂ab)

This estimated distance vector r̂ab is informative in recover-

ing local topologies among vehicles. But in other cases, it may

be the information of the distance d = ‖rab‖ that is directly

needed. In this case, the distance vector rab can be used for

the calculation of the estimated distance value d̂,

d̂ = ‖rab‖ =
√
(rxab)

2 + (ryab)
2 + (rzab)

2 (4)

Due to the nonlinearity of Eq. 4, d̂ is no longer an unbiased

estimation of the true distance d. However, if r̂ab is close to

its true value rab, its covariance can be approximated by the

Cramer Rao lower bound of:

var(d̂) ≥ CRLB(d̂) (5)

=
∂ ‖rab‖
∂rab

I−1(rab)
∂ ‖rab‖
∂rab

T

=

[
rxab ryab rzab

]
(rxab)

2 + (ryab)
2 + (rzab)

2
· (HTWH)−1 ·

⎡
⎣ rxab

ryab
rzab

⎤
⎦
T

As d̂ is no longer an unbiased estimation, the mean square

error of the estimator should thus include the bias of the

estimator:

mse(d̂) = var(d̂) + bias(d̂)

≥ CRLB(d̂) + [E(d̂)− d]2

Assuming similar estimation bias, a smaller Cramer Rao lower

bound of d̂ usually indicates a less estimation error in the

calculation of inter-vehicle distances.

B. Cramer-Rao Lower Bound based Satellite Selection

In traditional GPS positioning, there is a satellite selection

phase to reduce the impact of noises in pseudorange measure-

ments. With different topologies of the selected satellite set,

the impact of pseudorange noises are different. In GPS tri-

lateration positioning, Geometric Dilution Precision (GDOP)

is usually adopted as the selection criteria to choose the best

satellite set for position calculation. The value of GDOP is

calculated with the locations of all the selected satellites and

indicates the potential impact of pseudorange noises. However,

this GDOP is not directly applicable for double difference

algorithm. Moreover, in the weighted least squares algorithm,

the noise levels of individual pseudorange measurements could

be different. It is thus a combined effect of both the satellite

positions and the pseudorange noise levels that would affect

the final precision of the estimated distances. It is possible that

the pseudorange information of an additional satellite could

not increase the precision of the calculated distance due to

its measurement noises. Thus, when there are more than four

candidate satellites seen by both of the two GPS receivers,

different combinations of satellite sets could have different

precisions of the estimated distance value d̂.

Here we propose a method that uses the Cramer-Rao lower

bound of the estimated distance as the selection criteria

to selection satellite sets for better estimations. Let S =
{s0, s1, s2, ..., sn−1} denote the set of all the n candidate

satellites that are seen by both of the two GPS receivers, where
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s0 is the reference satellite, and Π denote all the possible

satellite sets that satisfy:

Π = {Sπ|Sπ ⊂ S, s0 ∈ Sπ, |Sπ| ≥ 4}
where |Sπ| means the number of element in set Sπ . For each

round of measurement, the satellite set S∗ with the lowest

Cramer-Rao lower bound is selected,

S∗ = arg min
Sπ∈Π

CRLB(d̂|Sπ)

and its related distance calculation d̂ is adopted as the final

estimation.

As the calculation of Cramer-Rao lower bound involves

matrix inversion, which is computational intensive, during

the experimental implementation, only a subset of satellite

combinations are tested for selection. With a total number of

n satellites, n different combination sets are tested, including

set S, and the following n− 1 sets:

Si = {sj |j �= i} i ∈ {1, 2, ..., n− 1}, j ∈ {0, 1, ..., n− 1}
For each of the n selected satellite sets, the distance vector r̂ab
and the distance value d̂ are calculated first. As the calculation

of Cramer Rao lower bounds requires the true distance vector

of rab, which is unknown to the estimator, the estimated

distance vector r̂ab is used instead as an approximation. After

the calculation of all the n satellite sets, the set with the lowest

Cramer-Rao lower bound is selected, and its distance value d̂
is chosen as the final estimation of the inter-vehicle distance.

C. Cramer-Rao Lower Bound of (d̂)k

In the derivation of the Cramer Rao lower bound for the

estimated distance d̂, we found that, given the power function

(d̂)k as

(d̂)k = (
√
(r̂xab)

2 + (r̂yab)
2 + (r̂zab)

2)k

the Cramer-Rao lower bound for (d̂)k can be derived as

var((d̂)k) ≥ CRLB((d̂)k) (6)

=
∂(‖rab‖)k

∂rab
I−1(rab)

∂(‖rab‖)k
∂rab

T

= k2 · ‖rab‖2k−2 · CRLB(d̂)

Thus, with the calculated Cramer-Rao lower bound of d̂, the

Cramer-Rao lower bound of its power function (d̂)k can be

easily calculated.

Power function (d̂)k amplifies the variance of d̂ with k > 1
and Cramer-Rao lower bounds indicate the variance of the

estimated values. Thus the Cramer-Rao lower bounds of (d̂)k

with higher values of k should have amplified differences

among all the candidate satellite sets. In the calculation of

the Cramer-Rao lower bounds in Eq. 5 and Eq. 6, noises

are unavoidably introduced due to the approximation of the

distance vector rab. Those amplified differences with the

Cramer-Rao lower bound of (d̂)k can thus help to mitigate

the impact of such noises. As demonstrated in the experiment

result in Section IV, with higher power values of (d̂)k, the

noise level of detected distance can be dramatically decreased.

The satellite selection criteria can thus be modified to choose

the satellite sets with the lowest Cramer-Rao lower bound of

(d̂)k, given k >> 1.

IV. EXPERIMENTS AND RESULTS

To validate the performance of the proposed satellite se-

lection method, the experiment data from two field exper-

iments are tested. In these experiments, two GPS receivers

with SiRFstar III module are placed with distances of three

and eight meters apart respectively. The SiRF proprietory

binary protocol [10] was used to extract the raw pseudorange

measurements, satellite positions, estimated GPS time, and

the calculated GPS fix. Pairs of independent measurements

with the same estimated GPS time are taken out from the

two modules for subsequent processing. The carrier to noise

ratio of all the pseudorange measurements are also extracted.

The CNRmin threshold is set to 30dBHz and the CNRref

threshold is set to 47dBHz.
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Fig. 2. Experiment results

Figures 2 and 3 show the performance of the Cramer-Rao

lower bound based satellite selection with the two set of ex-

periment data. We compare the performances of the weighted

least squares algorithm with and without satellite selection.

The distance is first calculated by the weighted least squares

algorithm without a satellite selection phase. The whole set

of candidate satellites, whose carrier to noise ratio are higher

than CNRmin, are adopted in the distance calculation. After

that, the subset of satellites that has the least Cramer-Rao

lower bound of d is picked out and used for another round of

distance calculation. As shown in the two figures, the Cramer-

Rao lower bound based satellite selection can help improve the

accuracy level of distance detection. Table I gives an overall

performance comparison of the weighted least squares based
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Fig. 3. Experiment results

algorithm with and without the Cramer-Rao lower bound based

satellite selection. The Cramer-Rao lower bounds of (d̂)k with

different power levels of k are also tested. The average distance

errors are calculated as:

Δd =

∑M
i=1 |d̂i − dB |

M
(7)

where M is the total number of valid samples and dB is the

true baseline distance.
As shown in the table, Cramer-Rao lower bound based satel-

lite selection can help improving the accuracy of distance de-

tection. And as the power level k of (d̂)k increases, the average

distance error decreases. For example, when the Cramer-Rao

lower bound of (d̂)18 is used as the satellite selection criteria,

the average distance error reaches the level of around two

meters, which is a more than 40% improvement comparing

with that of without satellite selection. However, the distance

error does not decrease linearly with the increase of power

level k. With the increasing of the power level k, the distance

accuracy saturates at certain level. This indicates that with

some reasonable power value of k, desirable performances can

be achieved in practical implementations.
It is also noted from Figure 2 and 3 that even with satellite

selection, the error level of some measurements are still high.

After in depth investigation into the experiment data of such

measurements, it is found that with those measurement data,

none of the satellite combinations can achieve lower errors

in the calculated distance. In other words, these measurement

data are by themselves not suitable for distance calculation,

and should be discarded. This also explains why the error

level of satellite selection saturates with the increase of power

value k.

V. CONCLUSION AND FUTURE WORK

In this paper the Cramer-Rao lower bound of the weighted

least squares based double difference algorithm in [9] was

TABLE I
AVERAGE DISTANCE ERRORS (M) WITH DIFFERENT SATELLITE

SELECTION CRITERIA

Baseline wls k=1 k=3 k=6 k=10 k=18

3m 3.328 2.828 2.196 2.066 2.047 2.041

8m 3.572 2.943 2.296 2.080 2.026 2.012

derived and used as a satellite selection criteria for cooperative

distance detection in vehicular networks. With the uniqueness

of double difference based distance detection and the uneven

noise distribution of different pseudorange meausrements, the

normal GDOP based satellite selection in GPS positioning is

not applicable. As demonstrated in the experiment results, the

Cramer-Rao lower bound based satellite selection can effec-

tively decrease the error level of detected distances. Moreover,

by using the Cramer-Rao lower bounds of the power function

(d̂)k of the detected distance d̂, the error level can be further

decreased as k increases. With k = 18, the final estimation

error reaches the level of as low as two meters, which is a more

than 40% increase comparing with the normal case without

satellite selection. With this level of distance accuracy, it is

possible to recover the lane level relative relationship among

neighboring vehicles, which is importance for various road

safety applications.

In the future, we will further investigate into those noisy

measurements, the accuracy level of which can not be in-

creased by satellite selection. To limit the impact of these

“bad” measurements, proper mechanisms should be proposed

to identify them from those “good” ones and discard them

from being used in distance detection.
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